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1
Abstract
The idea of adaptive perturbation theory is to divide a Hamiltonian into
a solvable part and a perturbation part. The solvable part contains diagonal
elements of Fock space from the interacting terms, which is different from the
standard procedure of previous perturbation method. In this letter, we use
the adaptive perturbation theory to extract the solvable elements in the two-
particle system and obtain the energy spectrum of the solvable part. Then,
we diagonalize the Hamiltonian to obtain the numerical solution. Finally, we
compare two kind of values. The results show that the adaptive perturbation
theory can be well applied to the strong coupling regime of two-particle system,
and on the whole, with the increase of quantum number, two values are closer.
1 Introduction
Until now, people have only obtained the exact results of several quantum
models, such as hydrogen atom and quantum harmonic oscillator. Unfortu-
nately, the potential fields of these quantum models are too idealized to describe
most of the more complex quantum systems. But a systematic theory, called
perturbation theory, can solve more complex quantum systems based on the ex-
act solutions of these ideal quantum models. Therefore, perturbation theory is
an important theory of quantum mechanics and has become the focus of many
physicists.
However, the perturbation theory is only effective for weak coupling sys-
tems, it is difficult to apply to strong coupling systems [1]. In order to solve
this problem, a method called adaptive perturbation theory is proposed [2].
As a unique perturbation method, the idea of adaptive perturbation theory
is to divide a Hamiltonian into a solvable part and a perturbation part. How to
divide these two parts is the key to its difference from the previous perturbation
theory and the essence of this idea [2]. The solvable part consists of two parts:
the non interacting sector and the diagonal elements of the Fock space from the
interacting terms. In order to define the nth level of anharmonic oscillator in
adaptive perturbation theory, we introduce a variable. This variable is carefully
selected according to the requirement of not breaking the commutation rela-
tion between momentum and position operators, and its value is determined by
minimizing the expectation value of the energy. Due to the different work at
hand, the value of the variable is often different, which is the origin of ”adap-
tive” in adaptive perturbation theory. Finally, we analyze why the adaptive
perturbation theory can converge.
2
2 Adaptive Perturbation Method
The anharmonic oscillator is defined by a Hamiltonian of the form
H =
1
2
p21 +
1
2
p22 +
1
6
λ(x41 + x
4
2) +
1
3
λ(x21 + x
2
2) (1)
where λ is the coupling constant, p is the canonical momentum, x is the canon-
ical position satisfying the commutation relation
[x, p] = i (2)
We use formula 4 and formula 5 to define Aγ , A
†
γ for decomposing a Hamilto-
nian into a solvable part and a perturbation part, and they satisfy the following
relationship [2]
[Aγ , A
†
γ ] = 1 (3)
x =
1√
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(A†γ +Aγ) (4)
p = i
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γ
2
(A†γ −Aγ) (5)
Define γ-dependent decomposition of H into an unperturbed part and a
perturbation as follows
H = H0(γ1γ2) + V (γ1γ2) (6)
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|0γ〉 is the γ-dependent vacuum state [2], which means the 0-particle state.
|nγ〉 is the n-particle state built on this vacuum state.
Aγ |0γ〉 = 0 (9)
So
A†γAγ
1√
n!
A†nγ |0γ〉 = n
1√
n!
A†nγ |0γ〉 (10)
Define
Nγ = A
†
γAγ (11)
|nγ〉 = 1√
n!
A†nγ |0γ〉 (12)
Nγ |nγ〉 = n|nγ〉 (13)
The value of γ used to define the adaptive perturbation theory for the nth
level of the anharmonic oscillator is determined by requiring that it minimizes
the expectation value [2]
E(γ1γ2) = < nγ1γ2 |H |nγ1γ2 > (14)
= < Nγ1γ2 |H0(γ1γ2)|nγ1γ2 >
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Minimizing E(γ1γ2) with respect to γ leads to the equation
∂E(γ1γ2)
∂γ1
=
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In order to obtain the numerical solutions for comparison with the results of
adaptive perturbation theory, we use the naive discretization for the kinematic
term [1]
p2ψ −→ −ψj+1 − 2ψj + ψj−1
a2
(17)
where a is the lattice spacing, and ψj is the eigenfunction for the lattice. The
lattice index is labeled by j = 1, 2, , n , where n = 512 is the number of
lattice points. The lattice size is marked with L
L = 8 ≡ na
2
(18)
To obtain the numerical solution, the exact diagolization is done.
3 Numerical comparison
The following five tables record the values of the En(γ1γ2)min and the nu-
merical solution when λ = 0.5, 1, 2, 8, 16.
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n1 n2 En(γ1γ2)min Numerical Solution
0 0 0.788732 0.783003
0 1 1.70344 1.69258
1 0 1.70344 1.69258
1 1 2.61794 2.60215
0 2 2.80575 2.80439
2 0 2.80575 2.80439
1 2 3.72036 3.71397
2 1 3.72036 3.71397
Table 1: The comparison between the En(γ1γ2)min and the numerical solutions for the λ = 0.5
n1 n2 En(γ1γ2)min Numerical Solution
0 0 1.05119 1.04506
0 1 2.25105 2.23914
1 0 2.25105 2.23914
1 1 3.45091 3.43322
0 2 3.67689 3.67496
2 0 3.67689 3.67496
1 2 4.87676 4.86904
2 1 4.87676 4.86904
Table 2: The comparison between the En(γ1γ2)min and the numerical solutions for the λ = 1
n1 n2 En(γ1γ2)min Numerical Solution
0 0 1.41197 1.40559
0 1 2.99727 2.98437
1 0 2.99727 2.98437
1 1 4.58257 4.56314
0 2 4.85168 4.84887
2 0 4.85168 4.84887
1 2 6.43698 6.42764
2 1 6.43698 6.42764
Table 3: The comparison between the En(γ1γ2)min and the numerical solutions for the λ = 2
n1 n2 En(γ1γ2)min Numerical Solution
0 0 2.6069 2.60053
0 1 5.43906 5.42472
1 0 5.43906 5.42472
1 1 8.27122 8.24891
0 2 8.63873 8.63234
2 0 8.63873 8.63234
1 2 11.4709 11.4565
2 1 11.4709 11.4565
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Table 4: The comparison between the En(γ1γ2)min and the numerical solutions for the λ = 8
n1 n2 En(γ1γ2)min Numerical Solution
0 0 3.58014 3.57387
0 1 7.41088 7.39577
1 0 7.41088 7.39577
1 1 11.2416 11.2177
0 2 11.6617 11.6516
2 0 11.6617 11.6516
1 2 15.4924 15.4735
2 1 15.4924 15.4735
Table 5: The comparison between the En(γ1γ2)min and the numerical solutions for the λ = 16
4 The explanation of results
As we can see from the tables above, the En(γ1γ2)min deviates the numerical
solution within one percent when n ≥ 0 and λ = 0.5, 1, 2, 8, 16. These
comparisons demonstrate the exact solutions in the strongly coupling regime of
two-particle system are quite close to the numerical solutions. In general, as the
energy level n or the coupling constant increases, they get closer.
5 The reason of convergence
The eigenenergy calculated by the time-independent perturbation is
En = E
(0)
n + λ〈n(0)|V |n(0)〉+ λ2
∑
k 6=n
|〈k(0)|V |n(0)〉|2
E
(0)
n − E(0)k
+ ... (19)
where E
(0)
n is the nth unperturbed eigenenergy defined by the En(γ1γ2)min,
|n(0)〉 is the nth unperturbed eigenstate, λ is the coupling constant. We will use
the time-independent perturbation to explain why the adaptive perturbation
theory converges.
It can be seen from equation 7 and equation 14 that when Hamiltonian H0
acts on |nγ1γ2〉 state, when the quantum number n is large enough, the dom-
inant factor is λ4γ2n(n − 1), which contributes the square of n , so E
(0)
n − E(0)k
provides n2.
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It is similar to the following two formulas in the algebraic method used to
solve the harmonic oscillator system, where a+ is the ascending operator and
a− is the descending operator
a+ψn =
√
n+ 1ψn+1 (20)
a−ψn =
√
nψn−1 (21)
whether it is A†4γ , A
4
γ , A
†3
γ Aγ or A
†
γA
3
γ ,when they act on the |Nγ〉 state,
|〈k(0)|V |n(0)〉|2 will provide similar results as √n+ 4√n+ 3√n+ 2√n+ 1. So
when n is large enough, we can gain n2 from
√
n+ 4
√
n+ 3
√
n+ 2
√
n+ 1.
Therefore, the n2 provided byE
(0)
n −E(0)k is offset by that provided by |〈k(0)|V |n(0)〉|2.
For more advanced energy correction, the power of n in denominator will be
larger than the numerator [1], so the adaptive perturbation theory will converge.
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